Abstract. The major results of [3.], leading to the spherical Bochner theorem and its (spherical) extension, were made possible through the spherical transform theory of Trombi-Varadarajan [14.] and were greatly controlled by the non-availability of the full (non-spherical) Harish-Chandra Fourier transform theory on a general connected semisimple Lie group, G. Sequel to the recently announced results of Oyadare [13.], where the full image of the Schwartz-type algebras,
§1. Introduction. The classical Bochner theorem is one of the cornerstones of harmonic analysis on R n and it states that every positive-definite distribution on R n is the Fourier transform of some unique tempered measure on R n . The proof of this theorem depends on being able to express such a distribution as a finite sum of derivatives of bounded functions on R n and showing that the distribution is tempered. Underlying this proof is the use of the Fourier transform theory of Schwartz space on R n which makes it possible to, in the first instance, define a distribution on R n . In generalizing the classical Bochner theorem to other topological groups Barker [4. ] showed that every positive-definite distribution on a unimodular Lie group may be expressed as a finite sum of derivatives of bounded functions. However, the Fourier transform theory for Schwartz space is not available for unimodular Lie groups neither had the theory been completely successful for specific classes of unimodular Lie groups, except for isolated examples like SL(2, R). The most successful Fourier transform theory a class of unimodular Lie groups had been the Trombi-Varadarajan theory [14.] constructed only on the spherical part of a connected semisimple Lie group G and this informed the consideration of the spherical Bochner theorem (which still lacks the classical temperedness) and its spherical extension in [3. ] (which may be consulted for other partial versions and references).
In this paper, we shall however employ the recently announced results of Oyadare [13. ] on the full transform theory for G to give the full Bochner theorem. The paper is organized as follows. Section 2 contains preliminary matters on the structure theory of G, explicit parametrization of its spherical functions and the Helgason-Johnson theorem. The results leading to the spherical Bochner theorem and spherical extension are discussed in section 3, where the Fundamental Theorem of Harmonic Analysis on G (which generalizes the Trombi-Varadarajan theorem) is stated as Theorem 3.2. The last section contain the main contributions of this paper, where the existence of the Fundamental Theorem paves way to the uplifting of Barker's spherical results to all of G. An abstract extension of our results suggests that the starting point of expressing a positive-definite distribution as a finite sum of derivatives of bounded functions may need to be critically looked at in order to recover their classical temperedness. §2. Structure of the group G and its spherical functions.
Let G be a connected semisimple Lie group with finite center, we denote its Lie algebra by g whose Cartan decomposition is given as g = t⊕p. Denote by θ the Cartan involution on g whose collection of fixed points is t. We also denote by K the analytic subgroup of G with Lie algebra t. K is then a maximal compact subgroup of G. Choose a maximal abelian subspace a of p with algebraic dual a * and set A = exp a. For every λ ∈ a * put
and call λ a restricted root of (g, a) whenever g λ = {0}. Denote by a ′ the open subset of a where all restricted roots are = 0, and call its connected components the Weyl chambers. Let a + be one of the Weyl chambers, define the restricted root λ positive whenever it is positive on a + and denote by △ + the set of all restricted positive roots. Members of △ + which form a basis for △ and can not be written as a linear combination of other members of △ + are called simple. We then have the Iwasawa decomposition G = KAN, where N is the analytic subgroup of G corresponding to n = λ∈△ + g λ , and the polar decomposition G = K · cl(A + ) · K, with A + = exp a + , and cl(A + ) denoting the closure of A + . If we set M = {k ∈ K : Ad(k)H = H, H ∈ a} and M ′ = {k ∈ K : Ad(k)a ⊂ a} and call them the centralizer and normalizer of a in K, respectively, then (see [9. ], p. 284); (i) M and M ′ are compact and have the same Lie algebra and (ii) the factor w = M ′ /M is a finite group called the Weyl group. w acts on a * C as a group of linear transformations by the requirement (sλ)(H) = λ(s
H ∈ a, s ∈ w, λ ∈ a * C , the complexification of a * . We then have the
where B = MAN is a closed subgroup of G and m s ∈ M ′ is the representative of s (i.e., s = m s M). The Weyl group invariant members of a space shall be denoted by the superscript w . Some of the most important functions on G are the spherical functions which we now discuss as follows. A non-zero continuous function ϕ on G shall be called a (zonal) spherical function whenever ϕ(e) = 1,
]. This leads to the existence of a homomorphism λ :
. This definition is equivalent to the satisfaction of the functional relation
It has been shown by Harish-Chandra [8. ] that spherical functions on G can be parametrized by members of a * C . Indeed every spherical function on G is of the form
and that ϕ λ = ϕ µ iff λ = sµ for some s ∈ w. Some of the well-known properties of spherical functions are
where λ ∈ a * C and λ, µ := tr(adH λ adH µ ) for elements H λ , H µ ∈ a. The elements H λ , H µ ∈ a are uniquely defined by the requirement that λ(H) = tr(adH adH λ ) and µ(H) = tr(adH adH µ ) for every H ∈ a ([9.], Theorem 4.2). Clearly Ωϕ 0 = 0.
Due to a hint dropped by Dixmier [6. ] (cf. [12. ]) in his discussion of some functional calculus, it is necessary to recall the notion of a 'positivedefinite' function and then discuss the situation for positive-definite spherical functions. We call a continuous function f : G → C (algebraically) positivedefinite whenever, for all x 1 , . . . , x m in G and all α 1 , . . . , α m in C, we have
It can be shown (cf. [9. ]) that f (e) ≥ 0 and |f (x)| ≤ f (e) for every x ∈ G implying that the space ℘ of all positive-definite spherical functions on G is a subset of the space F 1 of all bounded spherical functions on G. We know, by the Helgason-Johnson theorem ([11.] ), that
where C ρ is the convex hull of {sρ : s ∈ w} in a * . Defining the involution f * of f as f * (x) = f (x −1 ), it follows that f = f * for every f ∈ ℘, and if ϕ λ ∈ ℘, then λ andλ are Weyl group conjugate, leading to a realization of ℘ as a subset of w \ a * C . ℘ becomes a locally compact Hausdorff space when endowed with the weak * −topology as a subset of L ∞ (G). We denote the set of equivalence classes of the necessarily finite-dimensional irreducible representations of K by E(K) whose character is χ d , for every
. Choosing π to be any representation of K (which may be the restriction to K of a representation of G) in a complete Hausdorff locally convex space, V, a continuous projection operator on V may be given as the image of ξ d under π. That is,
and that its range, written as 1 ×d 2 ) ), which from the above remarks could be computed as
and is exactly given as
Thus the members of C p d (G) are those of C p (G) which may be written as for every x = k exp X ∈ G, k ∈ K, X ∈ a, where · is a norm on the finite-dimensional space a. These two functions are spherical functions on G and there exist numbers c, d such that
Also there exists r 0 > 0 such that c 0 =:
to be the set consisting of functions f in C ∞ (G) for which
f ((exp tg 1 ) · x). We call C p (G) the Schwartz space on G for each 0 < p ≤ 2 and note that C 2 (G) is the well-known (see [1. ] and [2.]) Harish-Chandra space of rapidly decreasing functions on G. The inclusions
hold and with dense images. It also follows that
is closed under involution and the convolution, * . Indeed C p (G) is a Fréchet algebra ([15.], p. 69). We endow C p (G//K) with the relative topology as a subset of C p (G). For any measurable function f on G we define the Harish-Chandra Fourier transform f as
λ ∈ a * C . We shall call it spherical whenever f is K−biinvariant. It is known (see [3.] ) that for f, g ∈ L 1 (G) we have:
and, if we define
In order to know the image of the spherical Fourier transform when restricted to C p (G//K) we need the following spaces that are central to the statement of the well-known result of Trombi and Varadarajan [14. ] (Theorem 3.1 below).
Let C ρ be the closed convex hull of the (finite) set {sρ : s ∈ w} in a * , i.e.,
where we recall that, for every H ∈ a,
], Lemma (3.2.2)). Let us define Z(F 0 ) = S(a * ) and, for each ǫ > 0, let Z(F ǫ ) be the space of all C-valued functions Φ such that (i.) Φ is defined and holomorphic on int(F ǫ ), and (ii.) for each holomorphic differential operator D with polynomial coefficients we have sup int(F ǫ ) |DΦ| < ∞. The space Z(F ǫ ) is converted to a Fréchet algebra by equipping it with the topology generated by the collection, · Z(F ǫ ) , of seminorms given by Φ Z(F ǫ ) := sup int(F ǫ ) |DΦ|.
It is known that DΦ above extends to a continuous function on all of F ǫ ([14.], pp. 278 − 279). An appropriate subalgebra of Z(F ǫ ) for our purpose is the closed subalgebraZ(F ǫ ) consisting of w-invariant elements of Z(F ǫ ), ǫ ≥ 0. The following well-known result affords us the opportunity of defining a distribution on C p (G//K). (Trombi-Varadarajan [14.] ). Let 0 < p ≤ 2 and set ǫ = (2/p) − 1. Then the spherical Harish-Chandra Fourier transform f → f is a linear topological algebra isomorphism of C p (G//K) ontoZ(F ǫ ). It has been shown in [13. ] that the function ( ξ d ) −1 exists and lives on K/M × int(F ǫ ) and if we define C p ( G) as
Theorem
for 0 < p ≤ 2, then a complete generalization of Theorem 3.1 to all of C p (G) is possible, allowing us define a distribution on C p (G//K), and is given as follows.
3.2. Theorem (The Fundamental Theorem of Harmonic Analysis on G [13.]). Let 0 < p ≤ 2, then the Harish-Chandra Fourier transform sets up a linear topological algebra isomorphism
. In order to use the above theorems to re-state and generalize the results of Barker [3. ], we require the following notions.
3.3 Definitions.
is said to be (integrally) positive-definite (written as S ≫ 0) whenever
A measure µ defined on ℘ is said to be of polynomial growth if there exists a holomorphic polynomial Q on a * C such that ℘ (dµ/|Q|) < ∞.
(iv.) The support, supp(µ), of a regular Borel measure µ is the smallest closed set A such that µ(B) = 0 for all Borel sets B disjoint from A.
One of the two well-known most general results on positive-definite distributions on G (indeed, on any unimodular Lie group) and which started off investigations leading to Bochner theorem (on R n ) is the following generalization by Barker [4. ] used in the proof of his Bochner theorems.
3.4 Theorem [4.]. Every S ∈ (C ∞ c (G)) ′ in which S ≫ 0 can be expressed as the finite sum of
where each f j is a bounded function on G and D j (respectively, E j ) is a left (respectively, right) invariant differential operators.
The following is the first of the main results of [3. ] giving the spherical Bochner theorem (cf. [8.] ).
3.5 Theorem (The spherical Bochner theorem)
in which S ≫ 0. Then S extends uniquely to an element in (C 1 (G)) ′ and there exists a unique positive regular Borel measure µ of polynomial growth on ℘ such that
The correspondence between S and µ is bijective when restricted to K−biinvariant distributions, in which case the formula holds for all f ∈ C 1 (G). The unique Borel measure µ in the last theorem shall be called the (spherical) Bochner measure of T. The second of the main results of [3. ] (which relates the largest C p (G//K)−space to which the positive-definite distribution S of Theorem 3.4 can be extended with the support of its (spherical) Bochner measure) is also a consequence of the Trombi-Varadarajan theorem (Theorem 3.1 above) and is stated as follows.
3.6 Theorem (The extension theorem) [3. ]. Suppose S is a positivedefinite distribution with spherical Bochner measure µ.
It is our modest aim in the next section to show that Barker [3. ] had the needed framework to arrive at the full Bochner theorem on G, but was hampered by the non-availability of the full theory for the Harish-Chandra Fourier transform on C p (G) (given here as Theorem 3.2) and was therefore restricted to the spherical Bochner theorem derived through Theorem 3.1. It is now possible, in the light of Theorem 3.2 to investigate the full Bochner theorem as done in the next section. §4. The full Bochner theorem.
We shall in the present section, establish the full Bochner theorem effortlessly from the results of §3. It will be clear from our results that the spherical Bochner measure corresponding to a positive-definite distribution on G (of Theorems 3.5 and 3.6 above) is still the positive regular Borel measure for each T ∈ (C p (G))
′ . An indication of this fact is however already contained in the first part of Theorem 3.5. Even though the (so-called spherical ) Bochner is still defined in this section on ℘ (indeed, supp (µ) = ℘), we shall henceforth refer to it simply as the Bochner measure. This is partly due to the main result of [13] (which is Theorem 3.2 above) which shows that the Trombi-Varadarajan spherical imageZ(F ǫ ) is indeed the nucleus of the image of the full Harish-Chandra Fourier transform on all of G and partly due to the next theorem.
We start by recalling a continuous surjection map of C p (G) onto C p (G//K). The correspondence between T and µ is bijective when restricted to K−biinvariant distributions. Proof. Assertion (i.) follows from the first part of Theorem 3.5. For (ii.) let f ∈ C 1 (G). Then by Lemma 4.1, f → f # is a continuous linear map of C 1 (G) onto C 1 (G//K) and (f # ) = f on F 1 , hence on ℘ (by HelgasonJohnson theorem). This means that the spherical Harish-Chandra Fourier transform of the spherical function f # is exactly the full Harish-Chandra Fourier transform of the function f on G. Now, since T ∈ (C 1 (G)) ′ , it follows from Proposition 3.2 of [3. ] that
